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Abstract 

It was argued by Mashhoon that a spin-rotation coupling term should 
add to the Hamiltonian operator in a rotating frame, as compared with 
the one in an inertial frame. For a Dirac particle, the Hamiltonian and 
energy operators were recently proved to depend on the tetrad field. 
We compute the energy operator in the inertial and the rotating frame, 
using three tetrad fields: one for each of two frameworks proposed to 
select the tetrad field so as to solve this non-uniqueness problem, and 
one proposed by Ryder. We find that Mashhoon's term is there if the 
tetrad rotates as does the reference frame — but then it is also there in 
the Hamiltonian for the inertial frame. In fact, the Dirac Hamiltoni- 
ans in two reference frames in relative rotation, but corresponding to 
the same tetrad field, differ only by the angular momentum term. If 
Mashhoon's effect is to exist for a Dirac particle, the tetrad field must 
be selected in a specific way for each reference frame. 



1 Introduction 

In a reference frame that has a uniform rotation with respect to an inertial 
frame, the angular momentum L of a particle is coupled with the rotation 
of the frame, in the sense that the Hamiltonian function or operator of the 
particle differs from its expression in the inertial frame by the term — u;.L. 
(Here, u) is the constant rotation velocity vector.) In the non-relativistic 
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framework (also in the presence of Newtonian gravitation), this is exact for 
the classical Hamiltonian function as well as for the quantum Hamiltonian 
operator — when, to define the latter, one considers a scalar particle without 
spin [U [2] . (In a relativistic framework, for a particle without spin obeying 
the Klein-Gordon equation, the Hamiltonian operator in a rotating frame 
may have other terms involving L, depending on the model metric which is 
considered [SI II]-) Therefore, if one considers that the spin of a quantum 
particle is expressing some kind of internal rotation, he may conjecture that 
also the spin might couple with the rotation of the reference frame. This 
could even be regarded [5] as a natural consequence of the fact that the total 
angular momentum operator is the sum of the orbital momentum and the 
spin. Thus, it was argued by Mashhoon [6] that a "spin-rotation coupling" 
term of the form 

5H S r = -7l w.S (1) 

should add, in a uniformly rotating frame, to a quantum Hamiltonian H of 
relativistic quantum mechanics. Here, 7l is the Lorentz factor correspond- 
ing to the velocity, with respect to the inertial frame, of the local observer 
attached with the rotating frame, and S = Ihcr, where a denotes the space 
"vector" made with the Pauli matrices <ji (j = 1,2,3). The form of H was 
left free by Mashhoon, who got the additional term ([T|) from an assumption 
about the transformation of H and the wave function from the inertial frame 
to the rotating one. Later on, a similar term: 

<fH S R' = -w'.S (2) 

with uj' the "proper rotation", was predicted by Hehl & Ni |7J to occur 
in the Hamiltonian of a particle obeying specifically the standard form of 
the (generally- )covariant Dirac equation. To write the latter explicitly, one 
needs to define a coordinate system and an (orthonormal) tetrad field. That 
prediction was obtained for a general situation in which an observer moves 
with a proper acceleration and a proper rotation, yet a particular tetrad field 
was chosen, "which behaves as a rotating Fermi- Walker-transported refer- 
ence frame" [?_]. Still a similar prediction was got, also from the standard 
covariant Dirac equation but in the case of uniform rotation, by Cai & Pa- 
pini [Ej who used another "rotating tetrad". In view of these results, and 
since the Dirac equation is the relevant one to describe spin half particles, 
the spin-rotation coupling is usually considered as a theoretically well estab- 
lished fact. It seems that it is too small to be experimentally tested yet [2], 
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but it has been argued that it may have been indirectly detected [5] , although 
the argument is not very straightforward. 

Until recently, the choice of the tetrad field has been assumed to be en- 
tirely neutral, because the Lagrangian of the standard covariant Dirac equa- 
tion is invariant under a change of the tetrad field, hence the Dirac equations 
obtained with any two different tetrad fields are equivalent [51 HO]. (This 
is true in a topologically-simple spacetime [H].) However, it has been ob- 
served by Ryder [12] that, in the archetypical case of uniform rotation in 
the Minkowski spacetime, the spin-rotation coupling term may be present or 
absent, depending on the choice of the tetrad field. Even more recently, it 
has been proved that, in a general reference frame in a general spacetime, 
the Hamiltonian operator H associated with the covariant Dirac equation 
is not unique [13]. In loose terms, the reason for this non-uniqueness is as 
follows: the Hamiltonian operator H is got by rewriting the wave equation in 
a form adapted to a particular reference frame; now, for the covariant Dirac 
equation, the Dirac 7 M matrices and their admissible changes are allowed 
to depend on the spacetime position; it follows that rewriting the covariant 
Dirac equation in a form adapted to a particular reference frame does not 
generally commute with changing the 7 M matrices in that equation. (See also 
Ref. [H].) It has also been proved [13] that the energy operator E is not 
unique, either. (The energy operator E is equal to the Hermitian part of H 
for the relevant scalar product and has the other important property that 
its mean value is the field energy [151 IB].) Nor is the spectrum of E, that 
is the Dirac energy spectrum. Instead, each of those three objects depends 
on the choice of the tetrad field, or more generally of the field of Dirac ma- 
trices [13) . Thus, contrary to a widely spread belief, the gauge invariance 
of the Lagrangian of the standard covariant Dirac equation — i.e., its invari- 
ance under any smooth change of the tetrad field — does not guarantee that 
all physically-relevant objects are also gauge- invariant. This non-uniqueness 
problem is there in particular in the case of an inertial frame or a uniformly 
rotating frame in the Minkowski spacetime [17J. That problem makes it 
plausible that a spin- rotation coupling term, just as the other terms of the 
energy operator, could be unambiguously defined only if the choice of the 
tetrad field were restricted in some consistent way. Note that the derivations 
which lead to the presence of a spin-rotation coupling term for a Dirac par- 
ticle are based on choosing a tetrad that is itself rotating more or less like 
the reference frame 018], as is also the case for Ryder's first tetrad [12J. 
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Whereas, Ryder's second tetrad, which does not lead to the presence of this 
term, is indeed non-rotating in the sense of the Fermi- Walker transport [12J. 

Two different frameworks have been proposed (HI [17] to restrict the 
choice of the tetrad field in such a way that the non-uniqueness problem 
[13] is proved to be solved: 

I. With any orthonormal tetrad field (wa) a =o,...,3 that is "adapted" to a 
given reference frame (in a sense to be precised in Sect. [3]), one may asso- 
ciate a unique rotation rate field H, which is a spatial tensor field. A first 
way to solve the non-uniqueness problem is to fix that spatial tensor field 
3 [T7]. Two natural choices for this fixing are: a) H = f2, where f2 is the 
rotation-rate field of the reference frame itself [HI [191 E7J; an d 6) S = 0. 
These two choices lead to non-equivalent Hamiltonians, thus represent two 
different solutions to the non-uniqueness problem. 

II. A third solution is available [TH] when the spacetime metric g can be 
put in the following diagonal space-isotropic form: 

{ 9lxv ) = diag(/, -h, -h, -h), f>0,h>0 (3) 

in a suitable coordinate system (a; M ). That other solution consists in choosing 
the "diagonal tetrad" in that coordinate system, i.e., 



u a = 8a d n/y\ d n\i do = f, dx = d 2 = d 3 = -h. (4) 
So the two frameworks lead to three different prescriptions for uniqueness. 

The aim of this work was to compare these two frameworks for the cases 
of both an inertial frame and a uniformly rotating frame in the Minkowski 
spacetime, with special attention to the presence or absence of the Mashhoon 
term. Section [2] will recall the definition and the general form of the Dirac 
Hamiltonian and energy operators in a general spacetime. Section [3] will 
give some additional details about the three different prescriptions outlined 
above. Section [U which contains the main new results of this paper, will 
apply the foregoing to the target situation. In the Minkowski spacetime, the 
second framework leads one to select the "Cartesian tetrad" and is very easy 
to put into practice. As this paper shall confirm, the first framework is much 
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less easy to implement. So, instead of calculating exactly the predictions 
of each among the two variants of the first framework, we shall determine 
a tetrad field which closely approaches Variant a). We shall also test a 
rotating tetrad field proposed by Ryder [12]. In each case, i.e., in the two 
frames and for these three tetrad fields, we shall give the explicit expression 
of the energy operator. We shall finally find the general expression for the 
difference between the Hamiltonians corresponding to a given tetrad field, in 
two frames having a relative rotation. 

2 Dirac Hamiltonian and energy operators in 
a general spacetime 

The standard form [HUE] of the covariant Dirac equation is written in a given 
coordinate system defined on the spacetime V (or on an open domain 
U therein): 

= -iAftf (M = mc/h). (5) 

In this equation, 7 M is the field of the Dirac matrices; ^ is the column matrix 
made with the components \l/ a (a = 0,...,3) of the wave function ip; and 
D,j, = <9 M + r M is the covariant derivative, where (/x = 0,...,3) are the 
connection matrices, which are 4x4 complex matrices, just like the Dirac 
matrices 7 M . On the other hand, m is the rest-mass of the Dirac particles 
considered. The Dirac Hamiltonian operator is got by rewriting (jSJ) in the 
form of the Schrodinger equation and is explicitly [20] : 

H = mc 2 a° — ihcoPDj — ihcT , (6) 

where 

a^^/g 00 , a^YW (7 = 1,2,3). (7) 

In contrast with the wave equation (EJ) , the Hamiltonian operator ([6]) changes 
in a non-covariant way on a general change of the coordinate system. This is 
true for any wave equation. However, the Hamiltonian operator transforms 
covariantly on a purely spatial change of the coordinates: 

a;'° = x °, .,-'< f((x k )) ft* = 1,2, 3). (8) 

Specifically, for the standard covariant Dirac equation, the wave function be- 
haves as a scalar under all coordinate changes [HI EI] • It follows easily [20] 
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that the Dirac Hamiltonian is invariant after a change (JS}. 



In the covariant Dirac equation (jSJ), as well as in the Hamiltonian operator 
(jBJ), the 7 M field is determined from the data of an orthonormal tetrad field 
(« a ). Decomposing the vectors u a in the natural basis (c^): u a = a^ a d fJi , 
one defines 

7" = a\ 7» Q , (9) 

where (7^) is any constant "flat" set of Dirac matrices, i.e., one that is valid 
for the Minkowski spacetime in Cartesian coordinates [9l[T0]. The definition 
(Q implies that the 7^ field transforms as a vector on a coordinate change 
(alone): 

7" 1 = u v = —, (10) 

which is well known. On the other hand, the connection matrices 
transform as a covector when one changes (only) the coordinate system: 

1 ft 1V1 ft L y > IV1 ft - Q x >,x- y 11 ) 

Using ( flOl) and ( JTT1) . the invariance of the Hamiltonian operator H under a 
purely spatial change (JH]) is also easy to check directly on the explicit form 
dSJ). We note that Eq. ( TTTj) 1 relates the matrices and Y'^ of any connection 
(on some vector bundle E with base V) when two different frame fields are 
chosen for the tangent bundle TV, say (u u ) and (u' ) with u' = M^^Uv, even 
if these are not coordinate bases. I.e., ( ITTjb is true also if "non-holonomic" 
frame fields are chosen for TV. H This will be useful to us because, for the 



1 There are alternative versions of the covariant Dirac equation in which the wave 
function is a complex vector field, for which case one may optionally decompose the wave 
function on the coordinate basis (the natural basis of the coordinate system) [21] . Taking 
this option means that the frame field on the spinor bundle coincides with the coordinate 
basis. Then "J/ transforms as a vector and (7^) as a (2 1) tensor [2Tj . 

2 Let D be a connection on some vector bundle E with base V, let (u a ) be a frame field 
on TV, and let (e a ) be a frame field on E. The connection matrices r Q of D in the frame 
fields (u a ) and (e a ) are defined by their scalar components (T a ) b a , such that 

De a {u a ) = {T a ) b a e b . (12) 

This leads immediately to (|lllh . If the frame field on TV is a local coordinate basis: 
u a = S^dft, one may then compute the covariant derivatives D^ b of any section of E, 
ip = eb, in a matrix form: = + T^. Thus, this notion of a connection 
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standard covariant Dirac equation, the expression of the connection matrices 
(of the spin connection defined on the spinor bundle) is simple if, as the frame 
field on TV, one chooses precisely the tetrad field (u a ) used in the definition 
(Q . These connection matrices are then [3 [12] : 

Tt = l^s^, s<*=W»,JP\. (13) 

Here = r) a cl e e , where r] a( ^ = diag(l, —1, —1, —1) is the Minkowski "met- 
ric" (in Cartesian coordinates) and the 7 ^ e 's are the coefficients of the Levi- 
Civita connection on TV. With an orthonormal tetrad field like (u a ), the 
j Q p e 's can be calculated as [7J 112] : 

7a/3e = — g (CaPe + C/3ea ~ C eci p) = — 7/3a e , (14) 

where C a p e = rj^C g e = —C a e/3, the Cfj e 's being the coefficients of the 
decomposition, in the tetrad basis, of the commutators of the same tetrad: 

[u p ,u e ]=C <: p € u < ;. (15) 



The relation (|8]) between two charts (coordinate systems) is an equiva- 
lence relation for charts which are all defined on a given (open) domain U of 
the spacetime. We call reference frame an equivalence class for this relation. 
Thus, if x '■ X i—)- (x^) is some chart, defined on some domain U, one defines 
a reference frame by considering the class of \i that is, the set F of all charts 
which are defined on U and which exchange with \ by a purely spatial change 
OH]) . A physically admissible reference frame is one for which we have goo > 
everywhere in U, which condition is invariant under a change (jHJ). The data 
of a physically admissible reference frame F determines [T?] [T5] a unique 
four-velocity vector v = vp: in any chart belonging to F, its components are 
given by 

(V F )° EE -L, (v F y = 0. (16) 

V9oo 



matrix [2T] extends conveniently the usual notion of the matrices of the "spin connection" 
entering the covariant Dirac equation, to any connection on a general vector bundle. It has 
a simple relation to the definition of a connection "matrix" as a matrix of one-forms |22) , 
uj = {uj b a ): if (9 13 ) is the dual frame of a frame field (u a ) on TV, one has oo b a — (T a ) b a 8 a . 
The covector transformation of the matrices r Q on changing (u a ) applies for a given frame 
held on E in (Tl"2"]) . thus it does not apply if E = TV and e a — S"u a . 
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Note that the vector vp is indeed invariant under a change OH]). Equation 
( I16p may be rewritten as 



with (dfj) the natural basis of any coordinate system belonging to the frame 
F. This definition of a reference frame formalizes Cattaneo's idea of a ref- 
erence fluid as a three-dimensional congruence of time-like world lines. The 
world lines of the congruence have constant space coordinates, in any chart 
X of F. The vector field vp is the normed tangent vector field to these world 
lines. However, in addition, this definition fixes the time coordinate. This 
is necessary, because the Hamiltonian operator H does depend on the time 
coordinate. See Ref. [17] and references therein for more detail. Thus, the 
invariance of H under the changes (jHJ) means that H depends on the coordi- 
nate system only through the reference frame. As to the dependence of H on 
the tetrad field, it has been proved generally in previous work [13] [T7J , and it 
will be illustrated by concrete examples in this paper. Other examples were 
shown in Ref. [14] . 

The relevant Hilbert-space scalar product was derived uniquely from 
rather compelling conditions [20]. This scalar product involves the hermitiz- 
ing matrix A [23], which for a general (7^) field is also a field, A = A(X) 
[20] . However, usually the (7^) field is deduced from a tetrad field and from 
a constant set of "flat" Dirac matrices (7^) as in Eq. ([9]). Then any hermi- 
tizing matrix for the set (7"") is also a (constant) hermitizing matrix A for 
the (7^) field [20]. This is the relevant case for the present work. Moreover, 
in the literature, the set (7^) is usually chosen such that the hermitizing 
matrix is simply A = 7" . In that particular case, the scalar product has the 
form proposed by Parker [23] and by Leclerc [T5]. When the operator H is 
not Hermitian for the scalar product (which is the general case with a non- 
stationary metric [T5| 120] [21]), one should replace H by its Hermitian part 
or "energy operator" E. The latter has the physically important property 
that the "field energy" E associated with the Dirac field obeying Eq. (JSJ), is 
equal to the mean value of the energy operator E [13] H5] [16]. However, in 
the present paper, only time-independent metrics and Dirac matrices 7 will 




(17) 
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occur. Therefore, the hermiticity condition proved in Ref. [20]: [fl 
d (V^A 1 °)=0, g = det(g^) 



(18) 



is verified, so that in the present paper the energy operator coincides with H. 

3 Different prescriptions for uniqueness 

We will now give precisions about the two different frameworks [171 EE] which 
we proposed in order to restrict the choice of the tetrad field consistently 
and sufficiently, and which were outlined in Section [TJ The first framework 
involves consideration of "spatial tensors" (e.g. "spatial vectors"), which can 
be defined rigorously as tensor fields on the "space manifold" M associated 
with a given [reference framel F |17j . Here we will use simple words. As we 
recalled, the Hamiltonian, as well as the energy operator, depend on the 
reference frame. This means that, to get a unique Hamiltonian operator, 
we need to fix a reference frame. This can be done by considering a given 
physically admissible coordinate system (x M ) defined on some domain U of 
the spacetime. However, we may replace the coordinate system by another 
one, provided this is related to the starting one by a change (jHJ). Let us 
summarize successively the two different frameworks. 

Framework I. The data of a reference frame F fixes its four-velocity field 
Vp, Eq. (fT6l) . Now the vector field uq of an orthonormal tetrad field (u a ) is 
time-like and normed, hence it is also a four-velocity. To attach the tetrad 
with the reference frame, on should thus impose the condition [T71 EZ] 



Let us call this an "adapted" tetrad field to the considered reference frame F. 
There are many different tetrad fields which are adapted to a given arbitrary 
reference frame, since no condition is imposed on the vectors u p (p = 1,2,3) 
beyond the orthonormality of the whole tetrad (u a ). However, the latter 
condition implies [T7] that the following tensor is antisymmetric: 



3 When A is the constant A = 7" , the hermiticity condition has been derived in the 
form (V*, $) / *t 7 tto 5o ( v /=^ 7 °) $d 3 x = by Parker [H] and by Huang & Parker [25]. 
A particular case of the latter integral condition has been derived by Leclerc [IS] . 



M = V F . 



(19) 




(20) 
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where {Jjjrj designates the absolute derivative, with respect to the arbitrary 

parameter £ along some curve C in the spacetime, of a vector u = Here 
specifically, for any point X in the domain U, we take C to be that unique 
world line x(X) of the congruence attached to the reference frame F which 
passes at X: in any chart of F, the spatial coordinates x J are fixed along 
x(X) and only the coordinate time t = x°/c varies; C is parameterized by t. 
We define thus $ aj g(X), for any point X G U. One shows [T7] that 

dr 

$a/3 = C ^7«/30, (21) 

where r is the proper time along the world line x(X) and the coefficients 
7 a/ 3 e are given by Eq. (TH1) . Moreover, one shows that the spatial components 
^pq {ViQ. — 1)2,3) make a spatial tensor $ in a precise geometrical sense. 
This tensor is indeed the opposite of the rotation rate of the spatial triad 
(u p ). [To any four- vector u — here u p (p = 1,2,3) — we associate the spatial 
vector u — here u p — whose components are the spatial components of u in 
a chart belonging to the Ireference framel F considered. This spatial vector 
is independent of the chart x G F since, on changing the chart x £ F by 
(jEJ), the components w- 7 transform correctly] The rotation rate of the spatial 
triad is also a spatial tensor 3, whose components in the triad basis (u p ) are 
thus: 

dr 
~dt 

It has also been proved that, if two tetrad fields are adapted to the same 
reference frame F and if the associated spatial triads have the same rotation 
rate 3, then the two tetrad fields give rise, in that reference frame F, to 
physically equivalent Dirac Hamiltonian operators, as well as to physically 
equivalent Dirac energy operators. Thus the first framework for uniqueness 
consists, in a given reference frame, in choosing an adapted tetrad field such 
that, in addition, its rotation rate tensor field 3 is a predefined field. Two 
natural choices are: 

• a) 3 = f2, where f2 is the rotation-rate field of the reference frame F 
itself |T71 HH [19], whose components in a coordinate system of F are0 

fyk = t; c V9oo {dj9k - d k gj - gjd g k + 9kd gj), gj = — . (23) 
1 9oo 



pq = -®pq = -C-JTlpqO- (22) 



4 The spatial tensor ft depends on the choice of the time coordinate t in a complex 
manner, whereas, on changing from t to t', S gets simply multiplied by dt/dt' . Hence, 
the equality S = 1~2 is not covariant under a change of the time coordinate, so that the 
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b) S = 0. 



As we announced in the Introduction, the two choices a) and b) lead to 
non-equivalent Hamiltonians, thus represent two different solutions to the 
non- uniqueness problem [T7] . 

That first framework is difficult to implement, especially its variant a) 
which needs to calculate the field f2 and to find a tetrad field such that 
3 = ft: in practice, this could be done only approximately, by numerical 
integration of ordinary differential equations of the form 5u q /dt = Q p u p . 
{Here 8u q /dt is the Fermi- Walker derivative of u q [I?].} Moreover, by im- 
posing the condition (Tl9l) . we limit from the outset the validity of this kind 
of solution of the non-uniqueness problem to a given reference frame. 

Framework II. That framework needs that there is some special coor- 
dinate system in which the metric has the special form ((3j) [16]. As 
discussed there, this form is general enough for the prospective purpose of 
testing the generally- covariant Dirac equations in a realistic spacetime met- 
ric. Then one chooses the "diagonal tetrad" in that coordinate system, Eq. 
(jlj). This defines the Dirac matrices 7 M in that coordinate system, Eq. (Q. 
Then, in any possible coordinate system, say (x^), the Dirac matrices 7 /At 
are got by the transformation ([TO]) . As it has been proved in Ref . [16] : if one 
considers another coordinate system in which the metric has also the form 
([3D (a priori not with the same coefficients), then one passes from the first to 
the second one by a constant rotation, combined with a constant homothecy. 

prescriptions S = O corresponding to reference frames differing merely in the choice of 
the time coordinate are not physically equivalent. And indeed, there is a rewriting of the 
geodesic equation of motion in the form of Newton's second law, in which the tensor ft plays 
exactly the role played by the angular velocity tensor of a rotating frame in Newtonian 
theory [18] — but in this rewriting Q has to be calculated with a time coordinate x such 
that, along a world line of the congruence, we have dx° = cdr, where dr is the proper 
time increment. Thus, if one applies the prescription S = f2, one should impose that the 
time coordinate be a such one, x° with dx° = cdr |17j . For the uniformly rotating frame, 
the tensors f2 calculated with either t or r differ only by 0(V 2 /c 2 ) [17] (V is defined in 
Sect. 2J, and the same is easy to check for S. 

5 Moreover, this form is generic for an alternative theory of gravitation [28], in the 
preferred reference frame assumed by that theory. That theory is based only on a scalar 
field which determines, among other things, the physical metric gr, from an a priori assumed 
flat metric, say f. Although it thus has two metrics, this is not a metric theory in the 
standard sense. 



11 



It follows [TB], first, that the corresponding "diagonal tetrads" (j3J exchange 
by a constant Lorentz transformation, and then, that in any given reference 
frame, the Hamiltonian operators got from these two choices of tetrad fields 
are equivalent, as well as the energy operators. Thus the non- uniqueness 
problem is solved simultaneously in any possible reference frame, and in a 
simple tractable way. 



4 Dirac energy operator in an inertial or a 
rotating frame 

Starting with an inertial reference frame F' in a Minkowski spacetime, defined 
from a Cartesian system of coordinates (x /At ) = (cf , x' , y' , z') , we define the 
uniformly rotating reference frame F from the rotating coordinates (x^) = 
(ct, x, y, z) given by 



t = t' 



x 



x 1 cos ut + y' sin ut, 



y 



—x' sin cut + y' cos ut, z — z', (24) 



where a; is a real constant. In these coordinates, the Minkowski metric re- 
mains stationary: it becomes 



ds 1 



-) (x 2 + y 2 ) 



(dx ) 2 + 2— (y dx — x dy) dx° — (dx 2 + dy 2 + dz 2 ). 

(25) 

The validity of these new coordinates is restricted by the admissibility con- 
dition g o > to the domain U made of those points in the spacetime for 
which we have V = up < c, where p = (x 2 + y 2 ) 1 ^ 2 . 



4.1 Energy operators in the two frames with the Carte- 
sian tetrad 

In the Cartesian coordinates (x'^) on the Minkowski spacetime, the met- 
ric has of course the space-isotropic diagonal form (jHJ), hence we can apply 
IFramework II[ The corresponding diagonal tetrad (jlj) is just u' a = S^ff , that 
is, the natural basis of the Cartesian coordinate system (x /At ), or "Cartesian 
tetrad" . Clearly, the coefficients 7 g e of the Levi-Civita connection are zero 
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with this tetrad field («£J,lI so the connection matrices (TT3"j) are = and, 
by ( II ip . they remain zero in any coordinates. Also, using the tetrad (&), 
the Dirac matrices ([9]) in the coordinates are simply the "flat" matrices, 
ry'ti = rytn_ Hence, when it is used in the inertial frame F' itself, the Carte- 
sian tetrad yields by ([6]) just the special- relativistic Hamiltonian, which is 
Hermitian: 

E; = H; = mcV° - ihca^d' j} (26) 

where a"- 7 = 7^7^. This result is the physically correct one: in an iner- 
tial frame, the Hamiltonian operator should indeed be the one predicted by 
Dirac's original theory. 

The Hamiltonian Hi in the rotating frame F and corresponding with 
the Cartesian tetrad involves the Dirac matrices transformed to the rotating 
coordinates flU} by Eq. (|IU]): 

7 = 7 tt0 , 7 1 = 7 S1 coswt + 7 tt2 sina;t + ^ 7 fl0 , (27) 

7 2 = -7 fll sinu;t + 7 fl2 coswt- — 7 tt0 , 7 3 = 7 tt3 . (28) 

c 

From ffl8l . fl25l) and (E3)i, it follows that Hi is Hermitian. Noting that 
g 00 = 1 after the coordinate change (12^1) . we get then the a matrices of Eq. 

m- 

a° = 7 tt0 , a 1 = a u cos cut + a p sinut + — 1 4 , (29) 

c 

a 2 = -a^sinut + a^coscot 1 4 , a 3 = a" 3 . (30) 

c 

We have moreover from 

cos cot d x — sin cot d y = d x > , sin cot d x + cos cot d y = d y i , d z = d z >. (31) 
Therefore, the energy operator Ei = Hi, Eq. (jH]), is explicitly: 
Hi = mc 2 a° — ihcaWj 

= mc 2 ^ — ihc [a" 1 (cos ut d x — sin cot d y ) + (sin tot d x + cos utd y ) + a i3 d z ] 

-ihc^-(yd x - xd y )l A 

= H'i — ihu(yd x — xd y ), 
Hi = H; - uj.L. (32) 

6 Hence, by (|22j) : for that tetrad, in the inertial frame F' to which it is adapted, we 
have H = 0: the Cartesian tetrad solves Variant b) of \Framework 71 for the inertial frame. 
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Here, L = r A (—iftV) is the angular momentum operator. Thus, in the 
case of a uniformly rotating frame in a Minkowski spacetime [and arguably 
in general, see Eq. f!75|) below], IFramework HI does not predict any spin- 
rotation coupling. 



4.2 Constructing a tetrad adapted to the rotating frame 

Let us now try to use IFramework II One rotating orthonormal tetrad that 
appears naturally in the metric (125!) is Ryder's [12] first tetrad: 

1 d uy d ux d d d d . . 

M o = -^rH a q-> M i = q-> M 2 = o-, t*3 = -a-- (33) 

c at c ot c m/ ox ay az 

However, as noted in Ref. 1 171, it results from ([241 and ([33]) that 



dx v d d 

U ° = dx^dx^ = dx^= d '°> (34) 
U\ = cos ojt d[ + smut d' 2 , u 2 = — smut d[ + cosut d' 2 , u 3 = d' 3 l35) 



where (& ) is the Cartesian tetrad. Since Vp = c^o/y^oo, Eq. (fl7|) . Equation 
( )34|) means that Ryder's tetrad is "adapted" in the sense of Eq. (JT9]) 
to the inertial frame F', not to the rotating frame F. On the other hand, 
since g(d^, d u ) = g^ u , we see from ([2"5"|) that the natural basis (d^) of the 
rotating coordinates x^ given by ( I24p is not orthogonal. But consider, at 
each X 6 U, the hyperplane Hx in the local tangent space TVx to the 
spacetime V, made of the vectors which are orthogonal to vp(X). Define the 
orthogonal projection onto Hx [TO [29]. (Note that this operator depends 
on the reference frame F which is considered, as do vp and H^-) Obviously, 
if at each X 6 U we thus project the vectors dj(X) (j = 1,2,3) onto Hx, 
we get vector fields lidj such that (Ildj)(X) is orthogonal to vp(X) at any 
X G U. From the definition, one finds the components of Uxa for a vector 
a G TVx, in a coordinate system belonging to F [T7]. Thus we get 

(n^)° = -gakW/gm = -g 0j /g 00 , (n9 i ) fc = (d 3 ) k = 5), (36) 

from which it follows that 

Sr(na,-, n<9 fc ) = g jk - g ° 3gok = -h jk . (37) 

fi'oo 
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Here h is the spatial metric of the reference frame F, such that for any two 
vectors a, b at X [171129]: 



h x (a,b) = -g x (U x a,U x b). (38) 

Note that the definition of B. x and Tlx, as well as Eqs. (13TI]) to (158]) . are 
valid for a general reference frame in a general spacetime. Coming back 
to the uniformly rotating frame in a Minkowski spacetime, from (125]) and 
(EZD we get that g (1101,110,) = g(Ud 2 ,Ud 3 ) = but g(Jld 1 ,Ud 2 ) ^ 0, (<9 M ) 
being again specifically the natural basis associated with the coordinates (124]) . 
Hence, one may define an orthonormal tetrad adapted to the rotating frame 
F by taking: t> F , Tld 2 / || Ud 2 ||, n<9 3 / || Ud 3 ||, and the vector product of 
(the spatial vectors associated with) the two last vectors. However, a simpler 
orthonormal tetrad adapted to F is obtained by considering the natural basis 
(<9°) of the "rotating cylindrical coordinates" (x°^) = (ct, p,<p, z), related to 
the coordinates ( 124]) by 

x = pcosip, y = p sirup. (39) 

(It follows from this that <9q = do and d% = d° = d% = d z .) In the coordinates 
(x° M ), the Minkowski metric ( ]25]) rewrites immediately as 



ds 2 = g ^dx°^dx ou 



c 2 dt 2 - 2up 2 dip dt - (dp 2 + p 2 dip 2 + dz 1 



(40) 

from which we find that the spatial metric defined by Eq. (]37j) 9 has compo- 
nents [in the coordinates = (p, ip, z)\. 

P 2 

h jk = 5 jk except for h 22 = (41) 

1 - u 2 p 2 /c 2 



Hence, owing to Eq. f]37j) i . we define an orthonormal tetrad adapted to the 
rotating frame F by taking t> F = <9q / y/g^ and by norming the Ud° vectors, 
which results simply in setting 

= 7= \ 2/2 do, ul = d{ = d° p , (42) 
a/1 — uj l p l jo 1 



»>■ up ,flb + ^^g, «5 = ag = as = a.. (43) 



ca/1 - wV/c 2 P 
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We note that the matrix a = (a M a ), such that u° a = a fi a d^ l , is independent 
of the time coordinate t. Hence, so are also the Dirac matrices (JH])- Thus, 
from ffl8|) . the Hamiltonian operator in the rotating frame with the adapted 
rotating tetrad is Hermitian. 

Let us calculate the rotation rate tensor field H of the tetrad Eq. 
(122]) . The coefficients of the decomposition fTTS]) of the commutators of the 
tetrad (1421 - P31) are easily computed to be: C j3e = 0, except for: 

^0 _ _^0 _ ^<0 _ _^<0 _ ^ (AA\ 

°01" ^10- C 2_ w 2 p 2' G 12" c(l — UJ 2 p 2 /c 2 ) ' [ 1 

C\ 2 = ~C 2 21 = -——L——. (45) 

From this, we deduce immediately the coefficients C a p e = rj^C „ e , then we 
get the coefficients j a p e = — jp ae [Eq. ffT4l) ]. They are zero, except for (when 
a < 0): 

pj 2 1 

7010 = o 2~~2' ^ 122 = ~7l 2 2 / 2V ( J 

c z — u z p z p(l — oo z p z /c z ) 

7120 = -7012 = 7021 = -7i n 2 / 2 x • (47) 

c(l — UJ 2 p 2 /C z ) 

Therefore, Eqs. fl22|) and (HUj) give us: S pg = 0, except for 

S 2 i = -Sia = w 7L , 7l = 7 l(p) = [1 - (w V/c 2 )] ~ V2 • (48) 

We may compare this with the rotation rate tensor f2 of the reference frame, 
defined in general by Eq. (1231) . For the rotating frame F, the components 
fljk of Q are easily computed [IT] : 

n 32 = o, n 13 = o, n 21 = +u~fl (49) 

These are in fact the components of the spatial tensor f2 in the natural 
basis (dj) associated with the spatial coordinates (x- 3 ) [the spatial part of 
the coordinates (Ell)]. The components Q° q of f2 in the spatial triad basis 
(u°) associated with the tetrad basis (m°) are got from (T4*9l and from the 
relation between the triad bases (dj) and (u°). This relation follows from 
(1391) and i2D-(IH and is: 



= cos<y9C?i + sinipd 2 , u 2 = (- sin <p d x + cos <p d 2 ) / 7 l(p), U3 = d 3 . 

(50) 
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By standard tensor transformation, we find from this and from (I49p : 

Q° 32 = 0, fi° 3 = 0, n 21 = n 21 /y L = urfc- (51) 

These differ from (Pig]) only by 0(V 2 /c 2 ) terms (for V = up <C c). Up to this 
negligible difference, we may thus consider that the adapted rotating tetrad 
(u°) verifies 3 = f2, as required by the variant a) of IFramework II 

4.3 Energy operator with the adapted rotating tetrad 

Let us thus calculate the Hamiltonian OH]) in the rotating frame F, when 
choosing the tetrad (ti°), Eqs. ( H2]) -( l43j) . We begin with the spin connection 
matrices (fl3|) with the tetrad field From Eqs. (l46|) - fp^7|) . these are: 

4r« = 7oio s 01 + 7i 2 o s 12 , 4T{ = 7o21 S 02 , (52) 



4r 



7012 S 01 + 7122 S 12 , 



1 = 0. (53) 

To compute the connection matrices when the coordinate basis (<9°) is 
chosen, we use the fact that they transform as a covector [see Eq. ffTT]) and 



thereafter] . Thus we have 

is got easily from Eqs. 



0° 



b a v° 



6 a „r|,, where the matrix b 



(If 



such that 



3D: 





K 





7L^P 2 
c 


o\ 


b = 





1 
















PlL 







V o 








1/ 



(54) 



We get thus from (I52"j) - (153"j) . using the standard set of Dirac matrices: 



2c 



c / 



- 1 



pu 



S' 1 + 



(55) 
(56) 



7 The choice of the set (7"") does not matter, because corresponding (7^) fields ex- 
change by constant similarity transformations, hence give rise to equivalent energy oper- 
ators. With the standard set (Dirac's), we have = —2iejki^ 1 and s - 5 = 2£ /J . 



17 



where 



E j = 



a 3 
a j 



ct j 
a j 



On the other hand, the 7 M matrices are defined by Q). In view 
we have: 



7 tt2 , 7 3 = 7 P , 



«0 , P7L^ J2 1 til 2 1 

7 = 7l7 H 7 > 7 -7 > 7 = 

c p7 L 



(57) 
of Eqs. 

(58) 



from which we get the matrices of Eq. (j7]) [note that g 00 = 1] : 



2 1 ( t)2 , P W - 

cr = 7 , a =-\(T H . 

p V c 



- ( S' 2 + 
v 



4 > 



cr = 7l a + 



2c 



7l 



- i^e 2jk Z k ) (j = l,3). 



The energy operator with the adapted rotating tetrad is thus [Eq. 

E 2 = H 2 = mc 2 a° — ihca\d° + Tj) — ihcT , 

where the matrices T M and ct M are given by Eqs. (J55l)-(j56l) and (|59l) - 
particular, for V = pu <C c, we have from (l5"5j) : 



— i^cr r 



^7l^ v3 



1 + 



-7 L a;.S 



1 + 



r 



(59) 
(60) 



(61) 
(jBDJ). In 

(62) 



which is the usual "spin-rotation coupling" term [6j [7J El [P2] . 



4.4 Energy operator in the two frames with Ryder's 
rotating tetrad 

Since Ryder's [12] first tetrad (u a ), Eq. f )33|) above, is "adapted" in the sense 
of Eq. f[T9"j) to the inertial frame F', it is interesting to compute the energy 
operator associated in the inertial frame F' with this tetrad. We checked that, 
as was found by Ryder, the spin connection matrices ( TT3|) for this tetrad field 
(u a ) are 

r» = -^s 3 , r} = o. (63) 
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The tetrad (u a ) is related to the natural basis (& ) by Eqs. (154"j) - (l5oT) . We 
thus transform immediately the connection matrices to the natural basis, 
getting the same: 

r = --£ 3 , r, = o. (64) 

We get also from (ED and flH4) - flHH|l . using then 

a ° = ryP ^ a 1 = cos cut a" 1 — sin cut a** 2 , a 2 = sin a" 1 + coswta" 2 , a 3 = a" 3 . 

(65) 

We note that here again 7 = a = 7" is constant, so the Hamiltonian 
is Hermitian, Eq. ( Tl8l) . From ( 13TT) . ( 1641) . and (1651) . we find the explicit 
expression of the energy operator E' 3 = H' 3 , Eq. ([6]): 

H' 3 = mc 2 a° — ihca^dj — ihcT 

= mc 2 ^ — ihc [^(cosoot d' x + sin cut <9^) + a tf2 (— sin ut d' x + cosutd' y ) + 
— ihcT , 

H 3 = mc 2 7 fl° - ihccfidj - ^E 3 . 

[Recall that (<9 M ) is the natural basis of the rotating coordinates.] Thus, with 
Ryder's tetrad, we find that the DFW energy operator in the inertial frame 
F' does contain the spin- rotation coupling term — ^S 3 = — u;.S. This is 
certainly unexpected physically. Also, by comparing H' x with H 3 [Eqs. ( !2"B"j) 
and (16"6"1) ]. we have a clear confirmation of the non-uniqueness of the DFW 
Hamiltonian and energy operator. The energy operators H' x and H 3 were 
known in advance to be physically inequivalent [T7] . 

Although Ryder's tetrad is not "adapted" to the rotating frame F in the 
sense of Eq. ( 1T9"j) , it will turn out to be interesting to have the precise expres- 
sion of the Hamiltonian and energy operator in that frame F [in the coordi- 
nates (a; M ), Eq. fl24|) ] with this tetrad. That precise expression was not given 
by Ryder [12], who wrote: "The Dirac equation (4) then, on rearrangement, 
is found to have a ct.uj (= ua 3 here) contribution to the Hamiltonian — a 
spin-rotation coupling term exactly as predicted by Mashhoon." From the 
expression (|33|) of that tetrad as function of the natural basis of the coor- 
dinates (x M ), and from ( 163|) . we get once again for the connection matrices 
[this time in the coordinates (x^)}: 

r = --s 3 , r, = o, (67) 
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and we get the 7 M matrices 0, 

7 = 7 S0 ; l = ^ SO + ^l 7 2 = _^ 7 tt0 + 7 «2 ; 3 tt 3 (6g) 

c c 

[thus once more the hermiticity condition ([18]) is verified], whence for the 
matrices in Eq. (J7J): 

a = 7 B0 ; a l = ^ l4 + a «l ; a 2 = _^ l4 + att 2 ; a 3 = a B3_ (6Q) 

c c 
Therefore, the energy operator E 3 = H 3 , Eq. ([6]), is now: 

H 3 = mc 2 a° — ihca^dj — ihcT 

= mc 2 ^ - ihc + -(yd x - xd y ) + T ] , (70) 

H 3 = H 3 -u;.L. (71) 

Remembering Eq. ( 167|) . we see that with Ryder's (first) tetrad, the energy 
operator in the rotating frame F has indeed the spin-rotation coupling term 
— ^r£ 3 = — lj.S — as has the energy operator with this tetrad but in the 
inertial frame F', Eq. (166 p . Also, these two energy operators differ from one 
another only by the angular momentum term — just as we found also with 
the Cartesian tetrad, Eqs. fT2"6"|) and 



4.5 The general relation between the Hamiltonians in 
two frames in relative rotation 

It turns out to be a general fact that the Dirac Hamiltonian operators in two 
reference frames in relative rotation differ only by the angular momentum 
term, if they correspond to the same tetrad field. In a general Lorentzian 
spacetime (V, g), consider a general reference frame R', defined by a chart 
x' ■ X (- >■ (x' M ) = (ct' , x' , y' , z') , and define another reference frame R by a 
chart x deduced from x' by a transformation generalizing fl2] 



t = t' , x = x' cos (p(t) +y' sm(j)(t), y = — x' sin <p(t) + y' cos <fi(t), z = z' . (72) 

So the spatial coordinate vector r = (x,y, z), at least, is undergoing a rota- 
tion, at a variable rate 00 = <fi = d<f)/dt, with respect to the space browsed by 
the coordinates (x' J ). This corresponds to a rotation in physical space if V is 
endowed with the Minkowski metric 7 (with possibly 7 = g as a particular 
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case) and the chart %' is Cartesian for 7. The Dirac Hamiltonian (jH]) rewrites 
immediately, in the most general 



9t + ^ 7 " (/i = 1 = c). (73) 

On a general coordinate change, is invariant (for a given tetrad field, 

of course), due to the transformation behaviours of 7 M , T^, and <9 M . On the 
coordinate change (172|) . 7 and g 00 are invariant. Therefore, we have 

^-^ = l {^~w) =l %^ = ^{ y T x - x ^)^ (74) 

that is, 

H-H' = -w.L, w = (w,0,0), L = rA(-iW), (75) 
as announced. H 



5 Conclusion 

The predictions of the spin-rotation coupling term for a particle obeying the 
covariant Dirac equation (jSJ) have considered a tetrad field which is under- 
going more or less the same rotation as the rotating reference frame itself 
El [12] • As suggested by Hehl & Ni [7J and by Ryder [TJ, to make this 
precise one should use the notion of the Fermi- Walker transport or derivative. 
By using the Fermi- Walker derivative one may indeed define rigorously the 
rotation rate of the spatial triad associated with an orthonormal tetrad, for a 
general reference frame in a general spacetime [17] . This rotation rate is the 
spatial tensor field S in Eq. (122 p . That definition needs that one considers 
an "adapted" tetrad to the reference frame considered, i.e., one such that the 
time-like vector of the tetrad is the four-velocity of the reference frame, Eq. 
f|T9|) . The rotation rate of the reference frame should be precisely defined 
also as a spatial tensor field f2 and can indeed be, Eq. ff23l . 

For a uniformly rotating frame in the Minkowski spacetime, we succeeded 
at defining an adapted tetrad field which verifies 3 = ft almost exactly. With 
this tetrad field, the energy operator in the rotating frame does have the 

8 In particular, the Hamiltonian in the inertial frame F' and with the adapted tetrad 
(|42 ]) - ([43j) is: R' 2 = H 2 + w.L, with H 2 given by Eq. ([HI]). This is also the energy operator. 
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spin-rotation coupling term, Eq. (152"|) . We also wrote explicitly the energy- 
operator with Ryder's rotating tetrad field [12] . which does involve this term, 
too — although Ryder's tetrad is adapted to the inertial frame, not to the ro- 
tating frame. 

However, the three tetrad fields investigated in the present work provide 
three different Hamiltonians in the inertial frame, as well as three different 
Hamiltonians in the rotating frame. (In each case, the Hamiltonian coin- 
cides with the energy operator.) Moreover, those tetrads that provide the 
spin-rotation coupling term in the energy operator of the rotating frame, 
give it also in the energy operator of the inertial frame. In fact, we find 
fully generally that the Hamiltonian operators in two reference frames in rel- 
ative rotation, but corresponding to the same tetrad field, differ only by the 
angular momentum term, Eq. f J75|) . Thus, if the Hamiltonian involves spin- 
rotation coupling in the rotating frame, and if one keeps the same tetrad, 
then the corresponding Hamiltonian in the inertial frame must also involve 
spin-rotation coupling, which is certainly unexpected physically. Therefore, 
if the spin-rotation coupling is to exist for a Dirac particle, it means that two 
different tetrad fields must be chosen for two different reference frames. Thus, 
for each given reference frame, a tetrad field adapted to that reference frame 
should be chosen. Then, to get the relevant rotation rate in the spin-rotation 
coupling term, one has to impose that the rotation rate of the triad is indeed 
that of the reference frame: H = f2. That is, if the spin-rotation coupling is 
to exist for a Dirac particle, Variant a) of lFramework H is the correct scheme 
to select the tetrad field. As we saw, this is difficult to implement already 
for the simple case of a uniform rotation in a Minkowski spacetime — not to 
speak of a general situation. 

One may consider that the choice of a tetrad field should be valid for 
any reference frame instead. IFramework III is the only currently available 
one that ensures this while providing unambiguous Dirac Hamiltonian and 
energy operators. It assumes that the metric can be put in the form (J3]) 
in some chart: preferably a global one of course, in which case, by setting 
7 M „ = i]^ in that chart, one endows the spacetime with the Minkowski 
metric 7, related simply to the physical metric g. In the case of a Minkowski 
spacetime (g = 7), this framework leads to selecting any "Cartesian tetrad". 
It predicts no spin-rotation coupling. Thus, experiments should decide. 
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